Numerical accuracy and efficiency of several discontinuous high-order methods, including the quadrature based discontinuous Galerkin (QDG), nodal discontinuous Galerkin (NDG), spectral difference (SD) and correction procedure via reconstruction (CPR), for the conservation laws are analyzed and compared on both linear and curved quadrilateral elements. In the CPR formulation, both Lagrange-polynomial (LP) and chain-rule (CR) approaches are adopted to compute the flux divergence and their effects on the accuracy and efficiency of the resulting scheme are discussed.
Introduction
Unstructured grid based high-order (order of accuracy ≥3) methods have received considerable interest in the Computational Fluid Dynamics (CFD) community recently due to their potential of delivering higher accuracy with lower computational cost than the low order methods for problems involving complex physics and geometry, such as aero-acoustic noise prediction and vortex dominated flows. Several reviews on the high-order methods for the Navier-Stokes equations can be found in [1, 2] .
The most popular high-order method for compressible flow simulations is arguably the discontinuous Galerkin (DG) method. It is first introduced by Reed and Hill [3] for neutron transport equations in 1973 and then developed by Cockburn and Shu [4, 5] and Cockburn et al. [6] for hyperbolic conservation laws. Bassi and Rebay [7, 8] applied the DG discretization to the Euler and Navier-Stokes equations, and emphasized the importance of the proper treatments of the curved boundaries. Some comprehensive reviews on the DG development for both hyperbolic and elliptic problems can be found in [9, 10] . In the DG approach, the generic weighted residual procedure is introduced to form the weak solution of the conservation law.
Depending on how the degrees-of-freedom (DOFs) are chosen, various DG implementations have different numerical property and efficiency. In the most straightforward implementation of the DG approach, Gauss quadrature is used to compute the surface and volume integrals in the weak formulation. We will call this DG implementation quadrature-based DG or QDG. A more efficient implementation named nodal DG (NDG) is developed by Hesthaven and Warburton [11] . The NDG approach avoids the use of quadrature by expanding the (nonlinear) flux on the same Lagrange basis employed by the solution. Note that a similar idea was also explored in the quadrature-free implementation of DG by Atkins and Shu [12] . Generally speaking, QDG is always more expensive than NDG. For linear conservation laws, QDG and NDG are identical in accuracy. For non-linear conservation laws, QDG is more accurate as NDG may run into problems associated with alias errors.
In order to avoid the explicit numerical integrals, some DG-like but differential-form based high-order methods have been developed. One successful high-order approach of this kind is the staggered-grid (SG) multi-domain spectral method [13] or the spectral difference (SD) method [14, 15] . The method directly reconstructs a flux polynomial based on fluxes on a given Lagrange nodal set called flux points. Then the derivatives of the flux polynomial are used to update the solutions at the solution points. On quadrilateral or hexahedral elements, the SG/SD method is one-dimensional by design, even for high order elements. This is very significant as the computational cost is dramatically less than the DG approach in multiple dimensions. . Later, it was found that the computational cost of SG/SD can be further decreased as Huynh [16] and Van den Abeele et al. [17] confirmed that the SG/SD method only depends on the location of the flux points, and the staggered grid configuration, i.e. staggered distribution of solution points and flux points, is not necessary. This suggests that the solution and flux points can coincide to further improve computational efficiency [17] .
In 2007, Huynh [16] introduced the collocation based flux reconstruction (FR) approach for one-dimensional conservation law. The FR approach is similar to SG/SD in philosophy, but allows the flux polynomial to be reconstructed using a minimization procedure. Depending on how the minimization procedure is defined, the FR approach can unify many existing methods such as the DG, SG/SD and SV [18] methods. Moreover, it leads to several new schemes with favorable properties. Later, Huynh [19] extended the FR framework to handle the diffusion equation, which lays the foundation for the extension to the Navier-Stokes equations. In 2009, Wang and Gao [20, 21] extended the flux reconstruction approach to simplex elements under the lifting collocation penalty (LCP) framework. Considering that the FR and LCP approaches result in the same final formulation, Huynh and Wang decided to unify FR and LCP under the correction procedure via reconstruction or CPR in short. Further work on the FR/CPR method can be found in [22, 23, 24, 25, 26, 27, 28, 29] . A recently developed sparse line-based DG [30] on quadrilateral elements is closely related to these collocation based schemes.
In the present study, we attempt to evaluate the efficiency, accuracy and robustness of the QDG, NDG, SD and the CPR formulations, especially their implementations on high-order curved elements. Needless to say, accuracy and efficiency are tightly coupled. We measure the relative efficiency based on a given error threshold, following the practice used in the 1 st International Workshop on High-Order CFD Methods [31] .
The organization of the paper is as follows. For the sake of completeness, we briefly review DG, SG/SD and CPR methods on linear elements in Section 2. Analyses of several schemes on curved element and the modification of these schemes to enhance accuracy and efficiency are presented in Section 3. Then, the comparison of the algorithm accuracy and computational efficiency among these methods for the linear and Euler equations on linear elements is presented in Section 4. Section 5 presents the performance of these high-order methods on curved elements. Finally, conclusions are summarized in Section 6.
Reviews of discontinuous high-order methods on linear elements
Consider the following conservation law, 
where
.
It is assumed that the physical domain is partitioned into N non-overlapping elements, denoted as , which satisfies ⋃ = and ⋂ = ∅. Note that Eq. (1) holds on each .
When is transformed into the corresponding standard element , Eq. (3) holds on .
Next we give a brief review of the DG, SG/SD and FR/CPR methods.
Quadrature based discontinuous Galerkin (QDG) and nodal discontinuous Galerkin (NDG)
A generic method to numerically solve Eq. (1) is the weighted residual approach. Let be the approximate numerical solution and ! an arbitrary weighting function or test function. The weighted residual form of the governing equations is then
On applying integration by parts to Eq. (4), we obtain ( )
, ( is the common normal numerical flux or Riemann flux on the element interface. Herein, ' denotes the solution outside the current element . In the Galerkin approach, a finite-dimension basis set )! * + is chosen as the solution space, and then the governing equation is projected onto each member of the basis set. Thus, Eq. (5) is reformulated as ( )
The first integral in Eq. (6) is usually written as a multiplication of the mass matrix , and the time derivative of the solution . The mass matrix , is of the form , ,
, .
If is a linear function of , then belongs to the same space as , and can be expressed as , .
However, if is a nonlinear function of , then cannot generally be expressed via the basis set )! * +. Within this context, numerical integration via quadrature rules is a generic practice to handle the second volume integration. Similarly, quadrature rule is adopted in QDG to carry out the surface integration in Eq. (6) as well. Clearly these operations can be very expensive, and some 'cheap' approaches are required to improve the computational efficiency.
One such solution is the quadrature-free approach proposed in [12] . From now on we assume that the solution space is the polynomial space / , ,
Finally, Eq. (6) takes the following form 
Note that in order to decrease the nonlinear aliasing error, can be approximated by a polynomial space of degree higher than 5.
For an efficient implementation, Eq. (10) is transformed into the standard element and 
with the vector : denoted by 
Staggered-grid (SG) multi-domain spectral method or spectral difference (SD)
The SG/SD scheme handles the conservation law via the 'finite-difference-like' approach, which solves Eq. (2) on a set of solution points. In this scheme, the flux 2 is approximated by a 
Based on the allocation of solution and flux points as shown in Fig. 1(c) , the basic idea behind the SG/SD method is to approximate the solution with a degree 5 polynomial, which can be built up using the 5 + 1 solutions on the solution points, and to approximate the flux with a degree 
where B CD stands for the flux points based Lagrange polynomial, and B ED stands for the solution points based Lagrange polynomial.
Flux reconstruction (FR) or correction procedure via reconstruction (CPR)
FR/CPR can be derived independently from both the integral-based (Eq. (5)) and differentialbased (Eq. (14)) forms of the conservation law. Here we only derive the formula via the weighted residual approach from Eq. (5). This approach will shed light on the theoretical foundation of the modification of FR/CPR for the curved element, which will be presented shortly.
On using integration by part on the weak form as shown in Eq. (5), the strong form reads
The next step is critical in the elimination of the test function. The boundary integral above is cast into the form of a volume integral via the introduction of a "correction field" on the standard
. This is expressed as ( ) .
On Substituting Eq. (17) 
If . In this case, the most obviously choice is to
. One choice is ( )
Then Eq. (18) reduces to
Two efficient approaches [20, 21] , namely the Lagrange polynomial (LP) approach and the chain-rule (CR) approach, can be used to calculate the projection of the flux divergence. In the LP approach, the flux function is assumed to belong to the polynomial space / 0 and can be expanded with the linearly independent basis consisting of Lagrange polynomials. The projection of the flux divergence is then expressed as
where 'SP' stands for the set of solution points. In the CR approach, the flux divergence ∇ • is assumed to belong to the polynomial space / 0 and is expressed with Lagrange polynomials
According to Jameson et al. [32] , the LP approach can deteriorate the accuracy for non-linear fluxes due to aliasing errors. The CR approach can enhance the accuracy for a Legendre-GaussLobatto points based CPR but makes the corresponding CPR scheme slightly non-conservative [21] . A conservative remedy has been shown by Gao and Wang [33] recently.
Two sets of allocation of solution points and interface flux points are used as shown in Fig points to the flux points is needed when calculating the interface fluxes. However, for the nonlinear conservation law, the Gauss-Legendre points based CPR might gain certain accuracy benefits by minimizing the aliasing errors thanks to the collocation of solution points.
Analysis of several schemes on curved elements
As discussed in Section 1, the proper treatment of the curved elements near wall boundaries is essential for a successful high-order method [7, 8, 34, 35] . The key challenge brought in by the curved element is that the nonlinear geometry can degrade the accuracy of the solution and large numerical errors might be generated if the geometric metrics is not fully resolved. The situation can become even worse as the approximation degree of the curved element becomes higher. A natural thought to overcome such difficulties is to increase the approximation degree of the solution. However, it is not economic and even not practical to compensate the errors from nonlinear geometry by increasing the approximation degree of the solution as the computational cost will grow quadratically/cubically with the polynomial degree for a quadrilateral/hexahedral element. Therefore, it is desirable to design a scheme that can achieve reasonable accuracy while minimizing the additional computational cost on the curved element when compared with the corresponding scheme on the linear element. is that how to ensure that the flux reconstruction is accurate on this occasion. In order to answer this question, we first investigate the properties of QDG.
QDG on curved elements
On using Eq. (3) and Eq. (12), we rewrite Eq. (6) on in the following form,
A common practice to handle Eq. (24) on the curved element is to conduct the volume and surface integrations using sufficient quadrature rule. As a matter of fact, the computational cost can be unacceptably high. Therefore, it is desirable that the mass, stiffness and surface mass matrices are explicitly formed as discussed in Section 2.1. The formation of the mass and stiffness matrices is straight forward. The mass matrix , takes the form as follows, , ,
If is assumed to belong to the same polynomial space as , then it can be expressed as , .
Now our main attention will focus on the surface integration of Eq. (24). On curved elements, both " #$% & and : are generally not polynomials. Therefore, a simple way to handle the surface integration is to use the quadrature rules with more quadrature points. But it is clear that if the quadrature rule is adopted, the mass surface matrix 4 3 will not be explicitly formed and then , N cannot be pre-multiplied with 4 3 to save the computational cost. In order to improve the efficiency of QDG, the mass surface matrix 4 3 is desired to be formed explicitly. It is observed that if = , are assumed to be polynomials belonging to / 
Based on the properties of the coordinate transformation, we have
• ( is a polynomial, and its degree depends both on the degree of the flux polynomial and the degree of the curved element, which can be obtained from Table 2 
CPR on curved elements
Based on the analyses of QDG, a modified CPR scheme for curved elements can be derived 
Accuracy and efficiency evaluation on linear elements
Accuracy and efficiency analyses on several high-order methods, namely DG, weighted essentially non-oscillation (WENO) [36] , SV and SD, have been carried out in some previous work [37, 38, 39] . But to the best of authors' knowledge, no comprehensive comparisons on numerical performance of DG, CPR and SD are yet available. Herein, numerical estimation of the algorithm accuracy and efficiency will be conducted.
Both linear and nonlinear hyperbolic conservation laws will be studied on different grids for accuracy and efficiency evaluation. The first test is carried out on the wave propagation problem with constant wave speed in the form of Eq. (1) 
where V W and V X , R = 1, ⋯ ,4 are constant wave speeds in and directions respectively. The initial condition is specified as The second test is performed for the nonlinear hyperbolic conservation law. Consider the 2D
Euler equations in the form of Eq. (1) with where \ is the density, ] and ^ are the velocity components in and directions, and _ is the pressure and ` is the total energy. The pressure is related to the total energy by the perfect gas law, ( )
with the ratio of specific heats a = 1.4.
An explicit multi-stage strong stability preserving (SSP) Runge-Kutta scheme [40] is employed for time integration. The Runge-Kutta scheme is expressed as follows,
A 2D Euler vortex propagation case is adopted to test the accuracy and numerical efficiency of the discontinuous high-order methods. Following Ref. [41] , the definition of the isentropic vortex and its evolution process are described as follows. The mean flow is specified with The j h error is used to evaluate the accuracy of all schemes in the paper. For any solution variable Q, the j h error is defined in the integral sense as
The work unit is adopted to measure the computational cost of the schemes. It is found that on linear quadrilateral elements, no matter with constant or linear Jacobian, the conclusions drawn from both linear and nonlinear conservation laws are the same. Therefore, only results from the Euler vortex propagation problem are displayed in this section for conciseness.
Accuracy and efficiency evaluation on regular elements with constant Jacobian
The numerical simulations are carried out till f = 1.0. A sufficient small time step is chosen to ensure that the space discretization error dominates during the simulations. The density contour from the numerical solution on a 20 × 20 mesh with the / k CPR_GS_LP scheme at f = 1.0 is displayed in Fig. 2(a) . The comparison of density fields from both the analytical and numerical results at f = 1.0 and = 1.0 is shown in Fig. 2 
(b).
• Note that if the solution points in the CPR family coincide with the quadrature points in the DG family, then the scheme CPR_GS_LP is equivalent to the scheme QDG while the scheme CPR_LB_LP is equivalent to NDG on linear elements. This is numerically examined for both the linear and nonlinear conservation laws on meshes tessellated with regular quadrilateral elements. The results on a 20 × 20 mesh with / k solution reconstruction are presented in Table 1 .
• From Table 1 it is also found that the chain-rule approach can enhance the accuracy of the Lobatto points based CPR scheme, and can save computational cost when compared with the Lagrange-polynomial approach.
The convergence rates of / h to / k reconstructions for the aforementioned schemes are shown in Fig. 3 . From this figure, it is found that all schemes except QDG_LB achieve optimal convergence rate 5 + 1 for a / 0 solution reconstruction. The convergence rate for the scheme QDG_LB is one order lower than the optimal one due to the inaccurate surface integration. The schemes QDG, CPR_LB_CR and the schemes from the CPR family with Gauss points, i.e.
CPR_GS_LP and CPR_GS_CR achieve smaller absolute errors than other schemes. Fig. 4 shows the relation between the absolute error and the work unit for all schemes. Several conclusions can be drawn as follows.
• If a desired error level is given for any / 0 solution reconstruction, the scheme CPR_LB_CR and those from the CPR family with Gauss points take less work unit than other schemes to achieve this. • In the CPR family, the chain-rule based schemes are more computationally efficient than the Lagrange-polynomial based approach.
• Although the absolute error of the schemes from the SD family is larger than that of the scheme QDG with the same order of accuracy, their numerical efficiency can be comparable to the scheme QDG, especially for higher degree reconstruction.
The connection between the work unit and the DOFs for three schemes from CPR, QDG and SD families is displayed in Fig. 5 . Interestingly, it is observed that in the tested range of the reconstruction polynomial degrees (i.e. / h to / k ), for the schemes from both CPR and SD families, the cost per DOF will decrease as the reconstruction degree increases; for the schemes from the QDG family, the cost per DOF will increase as the reconstruction degree increases.
Error control performances on irregular linear elements
In this section, meshes tessellated with irregular linear elements are used to test the robustness of the aforementioned schemes. As the scheme QDG_LB does not achieve the optimal convergence rate even on the regular linear element, this scheme will not be considered for further test. The density field of the propagating isentropic vortex on a distorted 20 × 20 grid with the / k CPR_GS_LP scheme at f = 1.0 is shown in Fig. 6 . The convergence rates of / h to / k reconstructions for different schemes are presented in Fig. 7 . There it is found that the convergence rates of the schemes CPR_LB_LP and NDG are about half an order lower than the optimal one while the convergence rates of all other schemes achieve the optimal value. Based on further comparison of the convergence rate on irregular elements with those on regular elements as shown in Fig. 3 , several observations can be concluded as follows.
• For the two schemes from the SD family, although the convergence rate is the same, the absolute errors become different and it is clear that the absolute error of SD_Mod, which assumes that the solution belongs to the polynomial space / 0 , is smaller than that of SD_Ori, which assumes that | | ∈ / 0 . • On irregular linear elements, the scheme CPR_GS_LP is still equivalent to the scheme QDG and the scheme CPR_LB_LP equivalent to NDG.
Accuracy and efficiency evaluation on curved elements
The same linear wave and isentropic vortex propagation cases as described in Section 4 are used here to test the performance of several schemes on curved elements. These schemes include the original and modified CPR_GS schemes, three types of QDG schemes and two types of SD This scheme is designed to examine the effects of quadrature rules on aliasing error control for the nonlinear Euler simulation. As discussed before, two schemes from the SD family, namely
SD_Ori and SD_Mod, are used to further examine the effects of solution approximation strategy on curved elements. In this section, / h , / l and / k elements are adopted and the definition for these three types of curved elements is schematically shown in Fig. 8 . Lagrangian type shape functions associated with the vertex and edge points are used to build up all the metrics-related information of the curved element.
Tests with one curved element
In order to better examine the performance of the aforementioned high-order schemes on curved elements, only one element is used in the test. Thus, the shape of the curved element can be well controlled and errors associated with the curved element can be clearly revealed. First of all, the linear wave propagation problem is tested. The ] field from the scheme CPR_GS_Ori at f = 0.5 for a / m reconstruction on a regular element is displayed in Fig. 9 • For the same type of curved elements (e.g. / h element), as cell deformation becomes large, it is apparent that the absolute errors of the simulation results increase correspondingly for all schemes. However, except for the SD_Ori scheme as shown in Fig. 9 (d0) and (d2), all other schemes are not significantly affected by the edge curvature of the element.
• The deteriorate performance of SD_Ori is mainly attributed to the fact that in this scheme | | is assumed to belong to the solution polynomial space / is made, the accuracy of SD_Mod on curved elements can be recovered, as demonstrated by Fig. 9(d1) and (d3) .
• With the same cell deformation (e.g. 40% edge length deformation), as the degree of the curved element increases from / h to / k , the accuracy of schemes from CPR and QDG families does not apparently degrade. However, the nonlinear Jacobian can greatly affect the accuracy of schemes from the SD family, as demonstrated by SD_Mod shown in Fig. 9(d3) and (g).
• The modified scheme CPR_GS_Mod does not significantly improve the simulation accuracy on the highly curved element compared with the scheme CPR_GS_Ori. This indicates that for linear problems, as long as the assumption ∈ / 0 is held, the nonlinear | | with high polynomial degree will not drastically degrade the solution accuracy of the tensorproduct-based schemes (i.e. CPR_GS_Ori and SD_Mod), quadrature-based schemes (i.e. QDG) and mixed schemes (i.e. CPR_GS_Mod) on quadrilateral curved elements. . From the _-convergence test on one element for the discussed schemes as shown in Fig. 11 , several conclusions are drawn as follows.
• On the regular element, the schemes SD_Ori and SD_Mod are exactly the same. Although their absolute error is larger than that from the CPR and QDG families, the convergence rate is almost the same as that of the CPR and QDG families.
• As also found in the previous example, both higher polynomial degree of the curved element (e.g. / k element) and larger edge curvature (e.g. 40% edge length deformation) can degrade the solution accuracy and convergence rate, especially for the scheme SD_Ori.
Now we examine the results from the isentropic vortex propagation. The density field from the scheme CPR_GS_LP_Ori at f = 0.5 for a / m reconstruction on a regular element is displayed in Fig. 12 (a) to serve as benchmark of this case. Then density fields on one / h element with / h solution reconstruction using several schemes from CPR, QDG and SD families are displayed in • For the Lagrange-polynomial approach based CPR schemes, if the element deformation is not severe, then both the original tensor-product-based scheme (i.e. CPR_GS_LP_Ori) and the mixed scheme (i.e. CPR_GS_LP_Mod) work well on the curved element. However, if the element deformation is severe, then the accuracy of the scheme CPR_GS_LP_Ori degrades much while the modified scheme CPR_GS_LP_Mod can recover the accuracy.
• The performance of the chain-rule approach based CPR schemes (i.e. CPR_GS_CR_Ori and CPR_GS_CR_Mod) is surprisingly good on curved elements with both small and large edge curvature.
• The scheme QDG_PS (or QDG_QS) works well on curved elements with both small and large edge curvature. This is due to that the quadrature rule for all integration is carried out with sufficient quadrature points.
• The accuracy of the scheme SD_Mod is affected much by the curved element, even with small edge curvature.
In order to further clarify the influence of the approximation degree of the curved element on nonlinear conservation laws, density fields of the isentropic vortex propagation case from several schemes with / k solution reconstruction on / h and / k elements are displayed in Fig. 13 . 40%
edge length deformation is enforced on the element. From the results using the scheme CPR_GS_LP_Ori as shown in Fig. 13 (a) and (b), it is observed that with the same solution reconstruction, the density field on the high-order (/ k ) element departures from the exact solution more than that on the low-order (/ h ) element due to the higher degree Jacobian and metrics. The results from CPR_GS_LP_Ori ( Fig. 13(b) ) and QDG_PS ( Fig. 13(c) ) on the / k element are very similar. When more quadrature points are used for volume and surface integration in QDG, the density field on the / k element is almost the same as that on the regular element, as shown in Fig. 13(d Tables 3 and 4 .
Therein, 'Case1' indicates that the curved element has 20% edge length deformation, while 'Case2' indicates that the curved element has 40% edge length deformation. The data in Tables 3   and 4 can further confirm the conclusions drawn from the previous analysis. Besides, it is also found that the scheme QDG_H_PS can help enhance the scheme accuracy (decreasing the nonlinear aliasing errors) especially for the higher-order (e.g. 
Tests with mesh tessellated with curved elements
In this section, accuracy and efficiency of the schemes aforementioned are examined on a mesh tessellated with curved elements. 
For all meshes used in the tests, the following parameters are specified. It is clear that all tested schemes can preserve the optimal convergence rate on meshes tessellated with curved elements. All tested schemes from CPR and QDG families achieve low absolute errors than the schemes from the SD family do. The relation between the absolute error and the work unit for tested schemes with / k solution reconstruction on meshes consisting of / h and / k elements is displayed in Fig. 17 . Several observations are summarized as follows.
• The absolute errors from the schemes QDG_PS and QDG_QS are the same, but the computational cost of QDG_PS is less than that of QDG_QS. This validates the formation process of the surface matrix 4 3 on curved elements developed in Section 3.1.
• The tensor-product-based CPR schemes, namely CPR_GS_LP_Ori and CPR_GS_CR_Ori, are most cost-effective when a certain error level is achieved.
• Despite that the absolute error of the scheme SD_Mod is larger than the schemes from CPR and QDG, it is still cost-effective when a certain error level is achieved. • Although the scheme QDG_H_PS with more than enough quadrature points can help reduce the aliasing error for the nonlinear conservation law, it is much more expensive than other schemes base on the test results.
Note that the mixed schemes, e.g. CPR_GS_LP_Mod, do not outperform their original counterparts for the present test cases. This is possibly due to the fact that the deformation of the curved element is not as severe as that of the one element case presented in section 5.1.
Conclusions
Numerical accuracy and efficiency of several discontinuous high-order methods, including the QDG, NDG, SG/SD and FR/CPR, for the conservation laws are analyzed and compared on both linear and curved quadrilateral elements. A new mixed type of CPR and DG scheme for heavily curved element is proposed to enhance the accuracy while maintain the low computational cost of the CPR scheme. It is found that most schemes from the CPR family can use less work unit to achieve a desired error level than other high-order methods on both linear and curved elements.
The chain-rule approach based CPR schemes work surprisingly well even on heavily curved elements. All these features stand CPR out to be a cost-effective approach among all the current popular element-wise discontinuous polynomial space based high-order methods. Besides, although the absolute error of the SD scheme is larger than that of the CPR and QDG schemes, the SD scheme is also a competitive candidate of cost-effective schemes. Based on the numerical experiments, it is suggested that for a certain flow simulation using quadrilateral elements, if the deformation of curved elements is not severe, tensor-product-based schemes can be costeffective and might be the first choice. The mixed type scheme is good trade-off of accuracy and computational cost on heavily curved element. Moreover, the proposed quadrature-free approach for surface integration on curved elements can help reduce the computational cost of the existing quadrature-based DG without losing accuracy. Table 2 . Approximation degree of the flow related and geometry related variables. (a) / h curved element with 20% and 40% edge length deformation using / h CPR_GS_LP_Ori scheme; (b1) and (b3): / h curved element with 20% and 40% edge length deformation using / h CPR_GS_LP_Mod scheme; (c0) and (c2): / h curved element with 20% and 40% edge length deformation using / h CPR_GS_CR_Ori scheme; (c1) and (c3): / h curved element with 20% and 40% edge length deformation using / h CPR_GS_CR_Mod scheme; (d0) and (d1): / h curved element with 20% and 40% edge length deformation using / h QDG_PS scheme; (e0) and (e1): / h curved element with 20% and 40% edge length deformation using / h SD_Mod scheme. Dashed lines in (b0)-(e1) indicate the corresponding solution from (a) and all contour levels are kept the same as shown in (a). 
